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Abstract—In wireless networks, getting the global knowledge of channel state information (CSI, e.g., channel gain or link loss
probability) is always beneficial for the nodes to optimize the network design. However, the node usually only has the local CSI between
itself and other nodes, and lacks the CSI between any pair of other nodes. To enable all the nodes to get the global CSI, in this paper,
we propose a network-coded third-party information exchange scheme, with an emphasis on minimizing the total transmission costfor

exchanging the CSI among the nodes. We show that for a network of N nodes, if and only if any k nodes (1  k < N) send at least k2
packets, a feasible solution exists for third-party information exchange. Formulating the problem of feasible and optimal solutions as an
integer linear programming (ILP) problem, we compute the optimal number of packets that must be transmitted by every node. Guided
by the necessary and sufficient condition, we construct two practical transmission schemes: fair load (FL) scheme and proportional
load (PL) scheme. A deterministic encoding strategy based on XORs coding over GF(2) is further designed to guarantee that with FL
or PL scheme, each node finally can decode the complete packets. It is shown that in two specific networks, these two schemes are
optimal, achieving the minimum transmission cost. In more general networks, simulation results show that PL is still close to optimal
with a high probability. Finally, a distributed transmission protocol is developed, which allows FL and PL schemes to be operated in a
distributed and hence scalable manner.
Index Terms—Network coding, cooperative data exchange, channel state information
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INTRODUCTION

I

N wireless networks, it is always beneficial for the nodes
to know the global knowledge of channel state information (CSI) such as the channel gain or the link loss probability. This is because global knowledge of CSI not only
constitutes the necessary condition for the network design
[1], [2], [3], [4], but also greatly eases the network optimization and improves the system performance in general.
Consider the CSI of a connected link between node i and
node j. This information is considered local to i and j, and
can be obtained fairly easily [5]. However, for a third-party
node k (where k 6¼ i; j), the channel information of link ði; jÞ
becomes some sort of global knowledge and needs to take
special arrangement to obtain it. The problem, referred to as
“third-party information exchange”, was first proposed in
[1], [2]. The objective of third-party information exchange is
to develop deterministic and efficient algorithms to enable
all the nodes to obtain the complete global information by
exchanging packets among themselves.
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Closely related to the problem of third-party information exchange is the problem of cooperative data
exchange [7], [8]. In cooperative data exchange, each
node is assumed to initially hold a subset of packets, and
the objective is to ensure all the nodes will eventually
obtain the whole set of packets by cooperatively exchanging data between themselves, over a lossless common
broadcast channel [7]. The only difference between cooperative data exchange and third-party information
exchange is the initial information held by the nodes. In
the former, the initial subsets can be arbitrary, with or
without much overlapping between nodes. In the latter,
the information initially possessed by each node must
and will only include the channel information from all of
its neighbors to itself, and, with the assumption of channel reciprocity, each pair of neighboring nodes share only
one piece of common information, and the shared information is different for every pair. Hence, the problem of
third-party information exchange presents a special case
of the general problem of cooperative data exchange.
Network coding, a cross-layer technology that was
initially developed for static (wireline) networks [20],
[21], has received extensive research attention in wireless
community, due to its significant benefits in improving
wireless performance [22], [23], [24], [25], [26], [27], [28]
including throughput, reliability and etc. Recent studies
show that network coding can also help reduce the number of transmissions or the transmission delay/cost for
general cooperative data exchange [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16], [17]. However, finding the deterministic code design to achieve these limits for cooperative data exchange can be non-trivial as it needs very
high field size, and the complication comes, in part, from
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Fig. 1. Third-party information exchange among four nodes.

the very general setup of cooperative data exchange.
In comparison, instances of third-party information
exchange present better opportunities for analytical and
algorithmic tractability. An earlier study of third-party
information exchange [1] demonstrated the existence of
optimal solutions, where the optimality is measured in
terms of minimizing the total number of transmissions.
Since each node/device may be associated with a different transmission cost, e.g., different battery cost at the
nodes, our previous work [6] extended the study by adding “weights” to transmissions, and tried to minimize the
total transmission costs consumed for third-party information exchange.
In this paper, we further study network-coded thirdparty information exchange with the objective of minimizing the total transmission cost. Different from previous
works, we aim to propose an efficient and scalable transmission scheme which can tell the exact number of packets that
should be sent by each node. Besides that, we also aim to
design an efficient deterministic encoding strategy, which
not only can achieve good performance, but also has a very
low encoding/decoding complexity (e.g., with a very low
coding field size). We call a deterministic coding and transmission scheme feasible if it allows all the nodes to eventually deduce all the global CSI, and we call a feasible solution
optimal if it also minimizes a certain cost metric. The goal of
this paper is to develop constructive, feasible solutions
(including how many packets for each node to transmit and
how they are encoded and decoded) that are optimal with
respect to the total transmission cost. Similar to the previous
studies [1], [6], [7], [8], [9], [10], [11], [12], we assume that a
common control channel is available which allows reliable
broadcast by any node to all the other nodes. The main contributions of this paper can be summarized as follows:


We formulate the problem of minimizing the total
transmission cost as an integer linear programming
(ILP) problem. We show that the optimal solution is
one of “water-filling” nature, and a node with lower

transmission cost should therefore send more packets than the node with higher transmission cost.
 We construct two efficient and feasible transmission
schemes, and prove that the proposed two schemes
will achieve optimality (with respect to the total
transmission cost) under two specific scenarios.
 A deterministic encoding strategy is designed and
can be used in combination with the proposed
schemes to ensure the successful deduction of all
desired packets at each node. Different from previous works on minimizing transmission cost, the proposed encoding strategy is based on XORs coding
over only GF(2), which has very low complexity.
 We also develop a practical distributed transmission
protocol that enables the proposed two transmission
schemes to be operated in a distributed and hence
scalable manner.
The rest of the paper is organized as follows. Section 2
presents the preliminary and problem description. Section
3 formulates the third-party information exchange problem as an integer linear programming problem. Section 4
presents two feasible transmission schemes and proves
their optimality in two specific scenarios. Section 5 proposes a distributed transmission protocol and evaluates
its performance using the two proposed transmission
schemes. Finally, we conclude the paper in Section 6.

2

PRELIMINARY AND PROBLEM DESCRIPTION

In this section, we first use an example to motivate the problem. Then, we describe the problem formulation, and the
encoding and decoding processes. Finally, we introduce the
related works.

2.1 Motivation Example
Consider a four-node network as shown in Fig. 1a, where
the transmission costs of nodes 1; 2; 3; 4 are 4; 4; 6; 10 respectively. Here, the transmission cost can be the battery cost,
e.g., different devices may consume different battery costs
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per single transmission, or it can also be set based on the status of the battery. In the latter example, if the device is currently with low battery, we can set it to have a higher
transmission cost, and those devices with more battery,
which have lower transmission cost, will in turn perform
more transmissions, as such, this can prolong the network
lifetime. Suppose that xi;j denotes the CSI between node i
and node j, and the communication links are reciprocity,
i.e., xi;j ¼ xj;i for 8i; j. Initially, node i knows only the local
information xi;j , 8j 6¼ i. We assume the availability of a lossless common broadcast channel among all the nodes, i.e.,
each node can receive the packets sent from any other node.
Third-party information exchange let nodes exchange the
packets among themselves to make sure that each node
finally gets the complete packets fxi;j j 1  i 6¼ j  4g.
Without network coding, each packet should be transmitted at least once, as each packet is required by at least
one node. To minimize the total transmission cost, we can
let node 1 send three packets, node 2 send two packets and
node 3 send one packet, as shown in Fig. 1b. The total transmission cost with this approach is 3  4 þ 2  4 þ 1  6 þ
0  10 ¼ 26. However, if we use network coding, the transmission cost can be reduced significantly. For example, the
schemes in Figs. 1c and 1d reduce the transmission cost to
24 and 22 respectively, while all the nodes can still decode
all their “required” packets, e.g., in Fig. 1c, node 1 can
decode packet x2;4 by x1;4  ðx1;4  x2;4 Þ ¼ x2;4 . The detail
comparison can be seen in Fig. 1e.
From the above example, we can get that network coding
can indeed reduce the total transmission cost during thirdparty information exchange. In addition, different transmission schemes and encoding strategies, e.g., Figs. 1c and 1d,
also affect the total transmission cost, which motivate us to
design the “best” third-party information exchange scheme
and encoding strategy.

2.2 Problem Description
Consider a network with N nodes in C ¼ fc1 ; c2 ; . . . ; cN g,
where each node ci 2 C is associated with a transmission
cost di for sending a single packet over a lossless common
broadcast channel [1], [7]. Let xi;j be the CSI (e.g., channel
gain, link loss probability or delay) of the link between node
ci and node cj . Initially, each node ci only knows the local
CSI, i.e., node ci is only in possession of the set of packets
Xi ¼ fxi;j j 8j 2 f1; 2; . . . ; Ng n figg. We assume that the
communication links have reciprocity, i.e., xi;j ¼ xj;i , 8i; j,
which implies that every pair of nodes ci and cj share one
common packet xi;j .
The purpose of third-party information exchange is to
enable all the nodes to eventually retrieve the complete
information X ¼ fxi;j j 1  i; j  N; i 6¼ j; xi;j ¼ xj;i g, where
jXj ¼ NðN1Þ
. Each packet transmitted by node ci can only
2
be a function of the packets Xi initially available to ci , and
in the context of linear network coding, this function is limited to a linear function, or, superposition of the elements in
Xi . Let di be the per-packet transmission cost for ci and let yi
be the number of packets that ci sends in a particular transmission scheme, where the transmission cost can be transmission power, remaining battery life and etc. Our goal is to
develop a linear-network-coding-based feasible solution
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that enables all the nodes to extract the packets in X while
at the same time minimizing the total transmission cost, i.e.,
min

N
X

di yi :

i¼1

Without loss of generality, we assume that the nodes
in C are ordered ascendingly by their transmission costs:
d1  d2      dN .

2.3 Encoding and Decoding Processes
The network-coding-based information exchange scheme
involves distributed encoding and distributed decoding at
all the nodes. To facilitate packet exchange, each node ci
generates a set of yi encoded packets over a finite Galois
field (GF) based on its initial information possession Xi . The
kth encoded packet it sends, denoted by fik , represents a linear combination of the packets in Xi :
fik ¼

N
X

zki;j xi;j ;

(1)

j¼1;j6¼i

where zki;j 2 GF(q) denotes the encoding coefficient of xi;j in
the encoded packet fik . Without loss of generality, all the
packets are regarded as equal-length vectors in GF(q), and
the multiplications/additions in (1) conform to the GF(q)
arithmetic. Then, we have
0 k 1
z1;2
B zk C
B 1;3 C
B . C
B . C
B . C
k
fi ¼ ðx1;2 ; x1;3 ; . . . ; x1;N ; x2;3 ; . . . ; xN1;N ÞB k
C:
B z1;N C
C
B
B .. C
@ . A
zkN1;N
Let vki be the encoding vector of the encoded packet fik , i.e.,
vki ¼ ðzk1;2 ; zk1;3 ; . . . ; zk1;N ; . . . ; zkN1;N Þ. For example, in Fig. 1c,
the encoding vector of the packet x1;2  x1;3 sent by node 1
is ð1; 1; 0; 0; 0; 0Þ, based on GF(2) (which is XOR operation
and hence very simple). Note that, each original packet xi;j
can also be represented as an encoding vector, where all the
encoding coefficients are 0 except that the encoding coefficient of xi;j is 1. During data exchange, the encoding vector
is sent along with the encoded packet.
After receiving the packets from other nodes, each node
will get a coding matrix which includes the encoding
vectors of the received packets and the original packets that
are initially available at itself. Then, the node will check
whether the rank of the coding matrix has reached
or not. If the rank is NðN1Þ
, the node can decode
jXj ¼ NðN1Þ
2
2
all the original packets in X by Gaussian Elimination
method [29], otherwise, the node needs to receive more
encoded packets before getting all the required packets.

2.4 Related Work
We now describe the related work on network-coded cooperative data exchange and third-party information
exchange.
The existing researches on cooperative data exchange
mainly focus on minimizing the total number of packets
required to exchange [7], [8], [9], [10], [11], [12], the total
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transmission cost/delay [13], [14], [15], [16], or fixing the
security issues [18], [19]. Specifically, the works in [7], [8],
[9] provide some lower and upper bounds on the minimum
number of transmissions and design some heuristic algorithms to get the minimum number of transmissions. The
work in [12] further provides a divide and conquer algorithm to minimize the total number of transmissions. The
cooperative data exchange with general or multi-hop topology was studied in [10], [11].
Close work related to our problem is cooperative data
exchange to minimize the transmission cost. Specifically,
[13] formulates the problem into a linear programming
problem by assuming that the packet is allowed to be split
into multiple sub-packets. Although packet splitting can
achieve the optimal solution in polynomial time, it also
incurs extra overheads, e.g., splitting packets and reassembling subpackets before/after transmission. The work in
[14] presents a randomized algorithm, and prove that the
optimal solution can be achieved with a very high probability. The work in [15] further derives an ILP to formulate the
general problem of minimizing transmission cost and
reduces the ILP to a polynomial-time algorithm. However,
designing deterministic encoding strategy is non-trivial as it
needs very high field size, which not only increases the
decoding complexity but also incurs extra overhead for
sending large encoding vectors. The work in [16] studies
cooperative data exchange when the transmission cost is
the delay. They consider two cases: with and without packet
splitting. If packet splitting is allowed, the problem is formulated as a linear programming problem based on a graph
model, and if splitting is not allowed, an efficient heuristic
algorithm is designed to minimize the transmission delay.
However, all the previous works lack the deterministic code
design and need to know the global knowledge of the transmission costs of all the nodes.
The third-party information exchange was studied in [1],
[6]. Specifically, the work in [1] presents an optimal solution
with minimum number of transmissions, and designs a
deterministic coding based on GF(2). Our previous work [6]
extends the study by adding “weights” to transmissions of
each node, and tries to minimize the total transmission costs
consumed for third-party information exchange. An optimal solution based on ILP is designed and the performance
of random linear network coding is analyzed. However, the
solution based on ILP needs to know the global information
of transmission costs of the nodes. Based on the previous
work, in this paper, we further propose two deterministic
transmission schemes, which can be implemented in a distributed manner and are optimal under two specific settings. In addition, a deterministic code is designed to
support the proposed schemes.

3

A CENTRALIZED OPTIMAL SOLUTION
FOR THIRD-PARTY INFORMATION EXCHANGE

The case of identical di (8i), as studied in [1], presents a special case of third-party information exchange. This section
will first formulate the problem of third-party information
exchange with minimum transmission cost as an integer linear programming problem. Then, we derive some theoretical results which will be used in the following sections.
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3.1 Mathematical Formulation of the Proposed
Problem
Based on our previous work [6] and the work in [15], we can
get the necessary and sufficient condition of third-party
information exchange problem as follows.
Theorem 1. There exists a code design that enables any node to
decode all of its desired packets, if and only if for 8k 2
f1; 2; . . . ; N  1g and any cardinality k subset Ce of C, there
exists
 
X
k
;
(2)
yi 
2
ci 2C~

namely, any k (distinct) nodes will collectively send at least k2
packets.
Proof. For a detailed proof, readers are referred to [6].

u
t

According to the necessary and sufficient condition, we
formulate the problem of finding an optimal solution for
third-party information exchange to minimize the total
transmission cost, as an integer linear programming problem as follows:
min

N
X

di yi ;

(3)

i¼1

subject to
k
X
t¼1

 
k
yit 
; 8it 2 f1; . . . ; Ng; 1  k < N:
2

(4)

Still consider Fig. 1 as an example. As shown in Fig. 1d, a
feasible transmission scheme derived from our ILP has a
total transmission cost of 22. In comparison, as shown in
Fig. 1c, the transmission scheme proposed by [1], which
aims to minimize the total number of transmissions, has a
total transmission cost of 24.
After knowing the number of packets that each node
should send, random linear network coding can be implemented at each node to generate the encoded packets. For
the performance of random linear network coding, the readers are referred to our previous work [6].

3.2 Some Analytical Results
Based on Theorem 1, we can obtain the following three corollaries, which will be used in the following proofs.
Corollary 1. To minimize the total transmission cost, the number
of packets sent by the node with a lower transmission cost
should be no less than the node with a higher transmission cost.
Proof. The proof follows directly from the symmetry of the
network. Suppose in a feasible coding scheme, node ci
has a higher transmission cost than node cj and transmits
more packets than cj . Then we can transform this coding
scheme by interchanging the index i with the index j.
The results is a new feasible coding scheme with a
reduced total transmission cost.
u
t
Since we have assumed an ascending order for the transmission cost d1  d2      dN , to minimize the total transmission cost, we will get an descending order for the
number of transmitted packets y1  y2      yN . Fig. 1d
also confirms Corollary 1, i.e., a node with a lower
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transmission cost must transmit no fewer packets than the
node with a higher transmission cost.
The constraint in (4) can thus be simplified by the following corollary.

minimum transmission cost, in two specific cases: 1)
Pk
i¼1 di  ðk  1ÞdN , for all k 2 f2; 3; . . . ; N  1g, and 2)
d1 þ d2 < dN , respectively.

Corollary 2. Given d1  d2     dN , to minimize the total transmission cost, the constraint in (4) of the ILP can be reduced to
 
k
X
k
; 8k 2 f1; 2; . . . ; N  1g;
(5)
yNiþ1 
2
i¼1

4.1 The Fair Load (FL) and Proportional Load (PL)
Transmission Schemes
The first transmission scheme developed here is termed the
FL transmission scheme, where all the nodes will send
the same number of packets, with the possible exception for
the last node if there are odd number of nodes.

yi1  yi ; 8i 2 f2; 3; . . . ; Ng:

Definition 1 (The FL Scheme). Suppose the cost of transmission satisfies d1  d2      dN .

(6)

Proof. We prove that the constraint in (4) is equivalent to the
constraints in (5) and (6).
First, we will prove that from constraint in (4), we can
get constraints in (5) and (6).
With (4), for 8k nodes in fcNkþ1 ; cNkþ2 ; . . . ; cN g,
where k 2 f1; 2; . . . ; N  1g, the total number of

packets sent by them should be at least k2 . Thus,
we get constraint in (5).
 According to Corollary 1, given d1  d2     dN ,
we can obtain yi1  yi for 8i, which thus derives
constraint in (6).
Second, we prove that with constraints in (5) and (6),
we can get (4). For any k < N nodes, we get from (5) that

yNkþ1 þ yNkþ2 þ    þ yN  k2 . At the same time, it is
easy to see from (6) that any k nodes must have collectively sent no fewer than yNkþ1 þ yNkþ2 þ    þ yN
packets. That is, for any k-subset fi1 ; i2 ; . . . ; ik g
f1;
2; . . . ; Ng, we have



When N is odd, any of the first ðN  1Þ nodes, e.g., ci
(1  i  N  1), sends N1
2 packets, and the last node
cN sends nothing:
 N1
2 ; if 1  i  N  1;
yi ¼
(8)
0;
otherwise:



When N is even, every node sends N2  1 packets:
N
yi ¼  1; 8i 2 f1; 2; . . . ; Ng:
2



yi1 þ yi2 þ    þ yik  yNkþ1 þ yNkþ2 þ    þ yN
 
k
;

2
which thus leads to the constraint in (4).

(7)
u
t

Based on the above analysis, we can further derive the
following Corollary.
Corollary 3. To minimize the total transmission cost of thirdparty information exchange, the optimal solution fyi g always
N1
P

holds that N
i¼2 yi ¼
2 .
Proof. See Appendix A.

4

u
t

DETERMINISTIC ALGORITHMS WITH MINIMUM
TRANSMISSION COST FOR TWO SPECIAL CASES

The ILP formulated in the previous section allows us to
determine the optimal number of packets to be exchanged
between nodes for any solution to be feasible, but the formulation is a centralized optimization problem that requires
complexity to solve it. In addition, the centralized algorithm
needs the knowledge of each node’s transmission cost. In
what follows, we present two deterministic transmission
schemes that can be performed in a distributed manner
(shown in Section 5) without the knowledge of the exact
transmission cost of each node. We will show that these
two schemes are optimal, i.e., capable of achieving the

(9)

Lemma 1. The FL scheme in Definition 1 provides a feasible solution to the third-party information exchange problem.
u
t

Proof. See Appendix B.

The second transmission scheme we propose is termed
the PL transmission scheme.
Definition 2 (The PL Scheme). Consider N nodes with nondecreasing per-node transmission cost d1  d2      dN . In
the PL scheme, the node ci will transmit yi packets, where

N  i; if 2  i  N;
yi ¼
(10)
N  2; if i ¼ 1:
Lemma 2. The PL scheme in Definition 2 is a feasible solution to
our third-party information exchange problem.
u
t

Proof. See Appendix C.

4.2 Deterministic Code Design Based on GF(2)
In this section, we design a deterministic encoding strategy
(based on XORs coding over GF(2)), which can be performed locally at each node and can be used in combination
with the proposed FL and PL schemes to ensure the successful deduction of all the desired packets by all the nodes.
Definition 3 (Encoding Strategy). Each node ci 2 C sends yi
encoded packets. The nodes generates the encoded packets
according to the following rules:


For the FL scheme with odd N and the PL scheme, the
jth packet sent by ci is generated as follows:
xi;N  xi;gði;jÞ ;

(11)

where

gði; jÞ ¼

i%ðN  1Þ þ 1; if j ¼ 1;
(12)
gði; j  1Þ%ðN  1Þ þ 1; otherwise:
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TABLE 1
Encoding Strategy and Transmission Scheme When N ¼ 7.
c1

c2

c3

c4

c5

c6

The FL scheme

x1;7  x1;2
x1;7  x1;3
x1;7  x1;4

x2;7  x2;3
x2;7  x2;4
x2;7  x2;5

x3;7  x3;4
x3;7  x3;5
x3;7  x3;6

x4;7  x4;5
x4;7  x4;6
x4;7  x4;1

x5;7  x5;6
x5;7  x5;1
x5;7  x5;2

x6;7  x6;1
x6;7  x6;2
x6;7  x6;3

x2;7  x2;3
x2;7  x2;4
x2;7  x2;5
x2;7  x2;6
x2;7  x2;1

x3;7  x3;4
x3;7  x3;5
x3;7  x3;6
x3;7  x3;1

x4;7  x4;5
x4;7  x4;6
x4;7  x4;1

x5;7  x5;6
x5;7  x5;1

x6;7  x6;1

The PL scheme

x1;7  x1;2
x1;7  x1;3
x1;7  x1;4
x1;7  x1;5
x1;7  x1;6



For the FL scheme with even N, the jth packet sent
by ci is
xi;i%Nþ1  xi;ðiþjÞ%Nþ1 :

(13)

Note that the above encoding operation is based only on
XORs coding over GF(2). Take a network with N ¼ 7 nodes
as an example. The encoded packets are shown in Table 1,
where yi is determined by either the FL or the PL scheme.
Lemma 3. The encoding strategy described in Definition 3 makes
sure that with the FL or the PL transmission scheme, each
node can finally get/decode the complete packets in X.
Proof. See Appendix D.

u
t

4.3 Optimality Analysis of FL Transmission Scheme
We now show that the proposed FL scheme is actually an
optimal solution to a specific network scenario.

Theorem 4. When d1 þ d2 < dN , the PL transmission scheme
described in Definition 2 is an optimal solution with minimum
transmission cost, where d1  d2      dN .

u
t

Based on the above analysis, we can derive the following
Theorem. (The proof is fairly straight-forward and is therefore omitted for simplicity.)
Pk
Theorem 3. When
i¼1 di  ðk  1ÞdN for all k 2 f2; 3; . . . ;
N  1g, the minimum transmission cost for third-party information exchange, denoted as d, can be formulated as follows:
(
d¼

PN
N2
i¼1 di ; if N is even
2
PN1
N1
i¼1 di ; otherwise;
2

(14)

where d1  d2      dN .
Our analysis and results generalize the results given
in [1]. When d1 ¼ d2 ¼    ¼ dN , the problem of minimizing the total transmission cost reduces to the problem of
minimizing the total number of transmissions, as studied
in [1], and our results in Theorems 2 and 3 confirm the
result in [1].

4.4 Optimality Analysis of PL Transmission Scheme
We now show that the proposed PL scheme is optimal for a
specific network scenario.

u
t

Proof. See Appendix F.

From the above theorem, we can see that irrespective
of the number of nodes, the condition depends only on
the first two nodes c1 ; c2 , and the last node cN (assuming
non-decreasing order of nodes’ transmission costs). This
condition has advantage of the scalability of the network
in terms of its size, e.g., if a new node joins the network,
and its transmission cost is more than the previous second node, then the transmission scheme need not
change. It also applies if some nodes walk away from
the network.
The above analysis also leads to the following theorem.
(The detailed proof is omitted for simplicity.)
Theorem 5. When d1 þ d2 < dN , the minimum transmission cost
for our third-party information exchange is

Theorem 2. Consider N nodes with per-node transmission cost
d1  d2      dN . The FL scheme in Definition 1 presents
an optimal solution that minimizes the total transmission cost
P
when ki¼1 di  ðk  1ÞdN , for all k 2 f2; 3; . . . ; N  1g.
Proof. See Appendix E.

c7

d ¼ d1 ðN  2Þ þ

N
X

di ðN  iÞ;

(15)

i¼2

where d1  d2      dN .

5

DISTRIBUTED TRANSMISSION PROTOCOL

In a distributed system, each node may be unaware of the
transmission costs of the other nodes. Under such circumstances, it is impractical to run the ILP proposed in
Section 3.1 (especially in a distributed manner) to determine
the number of packets that every node should send. In this
section, we propose a distributed transmission protocol
such that the proposed FL and PL schemes can both be conducted in a distributed manner.

5.1 Distributed Transmission
The proposed distributed transmission protocol does not
require the knowledge of the exact transmission costs of the
nodes. Only the knowledge of the order of the transmission
costs suffices. The distributed transmission protocol can be
operated with FL or PL scheme as follows:


A synchronization timer is first generated independently at every node ci according to a predefined function fðdi Þ, where di is the transmission
cost, and f is a strictly decreasing function that
ensures that a higher transmission cost will lead
to a smaller synchronization timer. The exact
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Fig. 2. Comparison of transmission cost for FL and PL.

form of f may be flexible, and may be determined
according to the specific system settings. Additionally, to avoid packet collision due to a tie in
the transmission cost, a random dithering value
may be added to the synchronization timer. For
example, a possible form of the synchronization
timer may look like:
t ¼ C 0  a1  di þ a2  randðÞ;

(16)

where randðÞ is a random generator that randomly
produces a value between 1 and 1, and C 0 , a1 and
a2 are properly-chosen scalers.
 Initially, each node sends its first packet as soon as
its synchronization timer times out. In some cases
(such as (8) or (10)), the node with the smallest synchronization timer (i.e., cN ) sends nothing except a
small message to denote its index.
 After the above step, every node will know the order
of their transmission costs. In the following transmission, they will send the remaining packets according
to the scheme described in Definitions 1 or 2, e.g.,
node ci will send yi  1 packets (as the first packet is
sent in the previous step).
Hence, by assuming that every node only knows the total
number of nodes N in the network, the distributed transmission protocol described above will enable every node to
know the order of their transmission cost in a distributed
way. Once the node ci knows the order of its transmission
cost, it can then send yi packets, where yi is determined
by the designed transmission scheme, e.g. FL scheme in
Definition 1 or PL scheme in Definition 2.

5.2 Performance Evaluation
We now evaluate the performance of the proposed transmission scheme used in combination with FL (in Definition 1)
and PL (in Definition 2) in a realistic network scenario.
Consider randomly casting N nodes in a 1;000 m
1;000 m square. Suppose that the transmission cost of node
ci is determined by di ¼ dai þ c [31], where di is the largest
distance from ci to any other node, a is the positively-valued
path loss exponent, and c is the positive number indicating
the fixed-base signal processing cost.
We first consider c ¼ 0, which describes the case when
the signal processing cost is negligibly small compared to
the cost for amplification (to combat propagation attenuation). As shown in Fig. 2, when a ¼ 1, i.e., the transmission
cost di is linearly proportional to the distance di (which does
not happen in a wireless context), the total transmission
cost with the FL scheme is better than that with PL scheme,
and close to the ILP result. This is because, when di ¼ d, the
P
probability that ki¼1 di  ðk  1ÞdN for 8k  N  1 is higher
than d1 þ d2 < dN . However, as soon as a  2, we observe
that d1 þ d2 < dN holds with a high probability, and hence
the PL transmission scheme becomes noticeably advantageous over the FL scheme, exhibiting the total cost very
close to the optimal result obtained by the ILP.
When the signal processing cost c is non-negligible, the
performances of FL and PL schemes depend on the actual
value of c. We investigate the performance by adopting a setting used in [32] where we vary c in ½1;000; 10;000 and
½108 ; 109 for a ¼ 2 and a ¼ 4 respectively. As shown in
Fig. 3, for most values of c, we observe that d1 þ d2 < dN for
a  2 still holds with a high probability, and hence the total
cost of PL scheme is still rather close to the optimal cost
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Fig. 3. Comparison of transmission cost for FL and PL with N ¼ 10.

calculated from ILP. When a ¼ 4, we also can see that the signal processing cost is almost negligible, as the signal processing cost is negligibly small compared to d4i .

6

Niþ1
2

, i.e.,

(

k ¼ arg min

N
X

3iN

i0 ¼i

yi0


¼

)
N iþ1
:
2

(19)

CONCLUSION

We have studied network-coded cooperative information
exchange scheme to minimize the total transmission cost
for exchanging third-party information. A necessary and
sufficient condition is first developed for the existence of
the feasible solution. Formulating the problem of minimizing the total transmission cost as an integer linear
programming problem, we develop useful results for feasible and optimal solutions. We have further designed
two efficient transmission schemes, FL and PL schemes,
and evaluated their performances for specific and randomized networks. We also construct a deterministic
encoding strategy, which is based only on XORs coding
over GF(2), to support FL and PL transmission schemes.
A distributed transmission protocol is proposed that enables FL and PL schemes to be operated in a decentralized
manner. Simulations show that the proposed PL scheme
can in general perform very close to the optimal solution
in practical wireless contexts.

In other words, for 8i < k, we have
yi þ yiþ1 þ    þ yN >



N kþ2
yk1 þ yk þ ykþ1 þ    þ yN >
2


N kþ1
:
yk þ ykþ1 þ    þ yN ¼
2

N
X
i¼2

yi >




N 1
:
2

(18)

According to Theorem 1, we can get yi þ yiþ1 þ    þ


yN  Niþ1
, where i 2 f3; 4; . . . ; Ng. Suppose that k is the
2
smallest index of fyi g such that yi þ yiþ1 þ    þ yN ¼

(20)

(21)

Thus, we have
yk1 >



 

N kþ2
N kþ1

¼ N  k þ 1:
2
2

Since ykþ1 þ ykþ2 þ    þ yN 
also have
yk

Thus, we only need to prove that if the number of packets


sent by the nodes in fc2 ; c3 ; . . . ; cN g is more than N1
2 , i.e.,
PN  N1
i¼2 yi >
2 , it must contradict the assumption that the
solution fyi g has the minimum total transmission cost.
Suppose that


N iþ1
:
2

It then follows that

APPENDIX A
PROOF OF COROLLARY 3
(Proof by contradiction.) According to Theorem 1, we have


N
X
N 1

yi 
:
(17)
2
i¼2






(22)

Nk
2

, according to (21), we


 
N k
N kþ1
¼ N  k:

2
2

(23)

Comparing yk1 and yk , we get yk1 > yk .
Now consider another solution fy0i g, where y0i ¼ yi for all
i’s except that y0k1 ¼ yk1  1. Since yk1 > yk , we know
PN 
Niþ1
y0k1  y0k . Following (19) and considering
,
i0 ¼i yi0 >
2
we have
N
X
i0 ¼i

y0i0 ¼

N
X
i0 ¼i

yi0  1 




N iþ1
; when i < k;
2

(24)

and
N
X
i0 ¼i

y0i0 ¼

N
X
i0 ¼i

yi0 




N iþ1
; when i  k:
2

It is also easy to verify that y0i  y0i0 when i < i0 .

(25)
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Hence, according to Corollary 2, fy0i g must be a feasible
solution to our third-party information exchange problem.
However, the total transmission cost with solution fy0i g is
smaller than that of solution fyi g, which contradicts the
assumption that fyi g is the optimal solution.
This contradiction suggests the invalidity of the assumption
PN 
PN 
N1
N1
i¼2 yi > ð 2 Þ. Since Corollary 2 states
i¼2 yi  ð 2 Þ, it
PN 
then follows that i¼2 yi ¼ ðN1
2 Þ.

APPENDIX B
PROOF OF LEMMA 1
Here we prove for the case of even N. The case of odd N follows from a very similar manner, and is therefore omitted
for simplicity. When N is even, the number of packets each
node sent is N2  1, and we wish to show that such an
arrangement can lead to a feasible solution. For any k 2
f1; 2; . . . ; N  1g, we have
k
X
i¼1

 
k
ðN  2Þk kðk  1Þ
¼

yNiþ1 
2
2
2
kðN  k  1Þ
2
 0;
¼

(26)

which satisfies the first constraint in (5). In addition, since
y1 ¼ y2 ¼    ¼ yN , the second constraint in (6) can also be
satisfied. It then follows from Corollary 2 and Theorem 1
that this FL scheme guarantees the existence of a feasible
code design for every node to successfully deduce its
desired packets.

APPENDIX C
PROOF OF LEMMA 2
To show the feasibility of PL transmission scheme, it is sufficient to check the conditions in (5) and (6). For any
k 2 f1; 2; . . . ; N  1g nodes, the total number of packets they
send sums up to
k
X

yNiþ1 ¼

i¼1

ði  1Þ ¼

i¼1

 
k
;
¼
2

kðk  1Þ
2
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Suppose N is odd. Following the FL transmission scheme
and the proposed encoding strategy, node ci will send the
following set of encoded packets:
N1
 when 1  i  N1
2 , the set of 2 packets sent by ci are
fxi;N  xi;iþ1 ; xi;N  xi;iþ2 ; . . . ; xi;N  xi;iþN1 g;
2
N1
 when N1
2 < i  N  2, the set of 2 packets sent by ci are
fxi;N  xi;iþ1 ; xi;N  xi;iþ2 ; . . . ; xi;N  xi;N1 ; xi;N  xi;1 ; xi;N 
xi;2 ; . . . ; xi;N  xi;iN1 g;
2
 when i ¼ N  1, the set of N1
2 packets sent by cN1 are
fxN1;N  xN1;1 ; . . . ; xN1;N  xN1;N1 g;
2
 when i ¼ N, node ci sends nothing, since yN ¼ 0.

Based on the above encoded packets, we first prove that
each packet xi;j 2 X must be encoded in at least one packet
sent by the nodes. We now consider i  N1
2 :
 for packet xi;j (or xj;i ), where i < j  i þ N1
2 , it must be
encoded in one packet sent by node ci ;
 for packet xi;j (or xj;i ), where j < i, it must be encoded in
one packet sent by node cj ;
 for packet xi;j (or xj;i ), where i þ N1
2 < j  N  1, it must
be encoded in one packet sent by node cj .

In a similar way, we can prove that when i > N1
2 , packet xi;j
is also encoded in at least one packet sent by ci or cj . That is
for 8xi;j 2 X, it must be encoded in at least one packet sent
by the nodes.
To show the feasibility of the solution, we verify that
every node can successfully deduce its desired packets.
First, consider node cN . We can easily obtain that cN must
be able to decode all the original packets that are involved
in the packets sent by node ci for 8i 6¼ N, as xi;N is encoded
in all the packets sent by ci . Since all the original packets are
involved in some packets sent by some nodes, node cN can
thus decode all of its desired packets.
Next, consider node c1 . When i > N1
2 , packet xi;N  xi;1
must be sent by ci . As c1 possesses packet xi;1 , it can decode
xi;N . Correspondingly, c1 can decode all the original packets
involved in the packets sent by ci with xi;N . Particularly,
from the packets sent by node cjþN1 , where j  N1
2 , cN can
2

decode packet xjþN1;j , as xjþN1;j is encoded in one packet
2

2

2

2

be sent by node cj , c1 can thus decode xj;N with xjþN1;j .
2

i¼1

¼

NO. 6,

sent by node cjþN1 . In addition, since xj;N  xj;jþN1 must

k
X
ðN  ðN  i þ 1ÞÞ
k
X

VOL. 14,

(27)

which satisfies the first condition for a feasible solution.
Additionally, for each node ci 2 C, we have yi ¼ N  i >
yiþ1 ¼ N  i  1 for i  2, and y1 ¼ y2 , which also satisfy
the second condition.

APPENDIX D
PROOF OF LEMMA 3
We consider the FL and PL transmission schemes separately.
Case I. FL. We separate the cases of odd N and even N. In
what follows, we will detail the case of odd N. The case of
even N follows in a similar way.

Accordingly, c1 can decode all the original packets that are
involved in the packets sent by cj , where j  N1
2 . That is, c1
can decode all the original packets involved in the packets
sent by other nodes. Thus, node c1 can deduce all of its
desired packets. In the same way, we can show that any
node ci , where i 6¼ 1; N, can deduce all the original packets.
Case II. PL. Following the PL transmission scheme
described in Definition 2 and the proposed encoding strategy, node ci will send the following set of encoded packets:
 when i ¼ 1, the set of ðN  2Þ packets sent by c1 are
fx1;N  x1;2 ; x1;N  x1;3 ; . . . ; x1;N  x1;N1 g;
 when 2  i  N  1, the set of ðN  iÞ packets sent by
ci are fxi;N  xi;iþ1 ; xi;N  xi;iþ2 ; . . . ; xi;N  xi;N1 ; xi;N 
xi;1 g;
 when i ¼ N, node ci sends nothing, since yN ¼ 0.

From the above encoding procedure, we get the following
observations: 1) each packet xi;j must be encoded into at
least one of the packets sent by node ci or node cj , 2) 8j,
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packet x1;j must be encoded into one of the packets sent by
node c1 , and 3) for any node ci 2 C, where i 6¼ 1; N, packet
xi;1 must be encoded into one of the packets sent by node ci .
We now show that every node can deduce its desired
packets. First consider node c1 . From Observation 3, we
know that node c1 can decode all the other packets that are
encoded into the packets sent by any other node, and will
thus deduce the complete information. For any other node
ci , where i > 1, since x1;i is encoded into some packet(s)
sent by c1 (Observation 2), it can decode packet x1;N . Subsequently, with the availability of x1;N , node ci can decode all
the other packets in fx1;j j 8j 6¼ 1g. In addition, according to
Observation 3, from the packets sent by node cj , where
j 6¼ i; 1, node ci can decode packet xj;N using packet x1;j ,
and thus retrieve all the packets that cj has. As such, node ci
has deduced the complete information.

which contradicts with the result in (28). Hence, k 6¼ N  1,
which implies k < N  1.
Let zi ¼ jyi  yi j, 8i ¼ 1; 2; . . . ; N. We have
 
yi  yi ; if 1  i  k;
(30)
zi ¼
yi  yi ; if k þ 1  i  N:

APPENDIX E
PROOF OF THEOREM 2

In addition, since yk > yk , we get zk  1. This gives rise to

We separate the case of even N and odd N. We use fyi g
to denote the solution corresponding to FL scheme in
Definition 1.
Case I. Even N. (Proof by contradiction.)
Suppose there exists an optimal transmission scheme,
fyi g, with a smaller total transmission cost than fyi g. Now
consider the three possibilities for yN : i) yN > yN , ii)
yN < yN , and iii) yN ¼ yN .
Case I. i) According to Corollary 1, when d1  d2    
 dN , we have y1  y2      yN . Thus, in Case I.i) when
yN > yN ¼ N2  1, we have yi  yN > yN ¼ N2  1; 8i 2
P
PN

f1; 2; . . . ; Ng. This leads to N
i¼1 di yi >
i¼1 di yi , which contradicts with the the assumption that fyi g has a smaller total
transmission cost.
Case I. ii) According to Corollary 3, we have
N
X
i¼2


 X
N
N 1
¼
yi ¼
yi :
2
i¼2

i¼2

yi ¼

N1
X

(28)

yi þ yN

i¼2

N
 ðN  2Þ þ yN

2
N 1
N 2
þ

þ yN
2
2


N 1
;
>
2

k
X

(29)

N
X

zi 

i¼2

zi ¼ 0:

(31)

i¼kþ1

Since yN < yN and yi  yi when k þ 1  i  N  1, we have
N
X

zi  1:

(32)

i¼kþ1

z1  z2      zk  1:

(33)

We now compare the total transmission cost between the
proposed solution fyi g and the optimal solution fyi g.
N
X

di yi 

N
X

i¼1

di yi

i¼1

¼ d1 z1 þ

k
X

di zi 

i¼2

 d1 z2 þ

k
X

N
X

¼ zk

k
X

di zi

i¼kþ1

di zi  dN

i¼2

N
X

zi

i¼kþ1

k1
2
X
X

di þ zk1  zk
di þ    þ ðz2  z3 Þ
di

i¼1

 dN

Since in ii) we have yN < yN ¼ N2  1, there must exist an i
where 2  i  N  1, yi > N2  1 ¼ yi . Let k be the largest
index for which fyi g > yi , i.e., k ¼ arg maxi fyi > yi ; 8i 2
f2; 3; . . . ; N  1gg. When k þ 1  i  N  1; yi  yi ¼ N2  1.
0
0
Since yi0  yk and yk > yk ¼ N1
2 ¼ yi , 8i  k, we have
yi0 > yi0 ¼ N2  1. We show that it is not possible to have
k ¼ N  1. Suppose k ¼ N  1; we will then have yi >
N

2  1, 8i 2 f2; 3; . . . ; N  1g. Since yi is an integer, we have
N

yi  2 . From the above analysis, we get
N
X

Since yi  yiþ1 and yi ¼ yiþ1 , we have zi  ziþ1 , when
1  i  k.
From (28) we obtain

i¼1
N
X

i¼1

zi

i¼kþ1



 zk ðk  1ÞdN þ zk1  zk ðk  2ÞdN þ    þ ðz2  z3 ÞdN
 dN

N
X

zi

i¼kþ1

¼ dN

k
X
i¼2

zk  dN

N
X

zi ¼ 0:

i¼kþ1

(34)
We can observe that the transmission cost of fyi g is not
larger than that of the optimal solution fyi g. Hence, in
Case I.ii when yN < yN , the proposed solution fyi g must
also be optimal with minimum transmission cost.
Case I. iii). In this case, we assume yN ¼ yN ¼ N2  1. Since

yi  yN ¼ N2  1, yi must be equal to yi ¼ N2  1, as in the
proposed solution. (Otherwise, the transmission cost with
the optimal solution would exceed that of the propose solution.) Hence, in this case I.iii) when yN ¼ yN , the proposed
solution is also optimal.
Case II. Odd N. (Proof by contradiction.)
Again suppose fyi g is an optimal solution with minimum transmission cost. Since yN ¼ 0, there are only two
possibilities for yN : i) yN > yN ¼ 0, or ii) yN ¼ yN ¼ 0.
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Case II. i): When yN > 0, according to Corollary 3, there
must exist an yi such that yi < yi ¼ N1
2 . Suppose that k is
the smallest index for which fyi g < yi , i.e., k ¼ arg mini
fyi < yi g. In other words, yi  yi , 8i 2 f1; 2; . . . ; k  1g.
Now if k ¼ N  1, then there exists a solution fy0i g where all
y0i ¼ yi , except that y0N1 ¼ yN1 þ 1; y0N ¼ yN  1. It is easy
to verify that the solution fy0i g satisfies all the constraints of
the feasible solution, but its transmission cost falls below
that of the optimal solution, which contradicts with the
assumption. Hence, we have k < N  1.


In addition, when i > k, since yk < yk ¼ N1
2 and yk  yi ,
N1

we have yi < 2 ¼ yi . That is,
yi < yi ; if k  i  N  1;

(35)

yk1

>

Let fyi g be an arbitrary optimal solution with minimum
transmission cost. We prove the case of i ¼ N by contradiction. We start by assuming that yN ¼ yN ¼ 0 does not hold,
that is, we assume that for any optimal solution fyi g, yN
must be larger than zero.
Let k be the largest index of fyi g such that yi þ


, i.e.,
yiþ1 þ    þ yN ¼ Niþ1
2

2iN



sion cost with optimal solution can be reduced by decreasing yN by 1 but increasing yk by 1, which contradicts with
the optimal solution. Thus, there must exist i, where
k  i  N, such that yi þ yiþ1 þ    þ yN ¼ ðNiþ1
2 Þ. Suppose
that t is the largest index of fyt g where yt þ ytþ1 þ    þ
yN ¼ ðNtþ1
2 Þ, k  t  N.
From Corollary 2, we can easily obtain
yt þ ytþ1 þ    þ yN ¼

(38)

It then follows that
(39)

Since


¼

yi þ yiþ1 þ    þ yN >

)
N iþ1
:
2

(42)




N iþ1
:
2

(43)

Suppose k ¼ 2. Since fyi g is the optimal solution with
minimum transmission cost, we know that y1 ¼ y2 . We can
find another transmission scheme fy0i g, where y0i ¼ yi for all
other i’s, except that y01 ¼ y02 ¼ y2 þ 1 and y0N ¼ yN  1.
According to (43), 8i 2 f2; 3; . . . ; Ng, we have
y0i

þ

y0iþ1



N iþ1
þ    þ yN 
:
2

(44)

Since y0i  y0iþ1 for 8i 2 f1; 2; . . . ; N  1g, the second constraint in (6) can also be satisfied. Thus, the solution fy0i g is
one of the feasible solutions of our third-party information
exchange problem. We now compare its transmission cost
with the optimal solution fyi g:
N
X

di y0i 

i¼1

N
X

di yi

i¼1

¼ d1 y01 þ d2 y02 þ dN y0N  ðd1 y1 þ d2 y2 þ dN yN Þ
¼ d1 þ d2  dN < 0:

(45)

(40)
This contradicts with the assumption that fyi g achieves the
minimum transmission cost. Hence k ¼ 2 does not hold.
When k > 2, from (42) and (43), we get

we get
yt1  N  t þ 1 > yt þ 1:

i0 ¼i

yi0

(37)




N tþ1
yt1 þ yt þ    þ yN ¼ yt1 þ
2


N tþ2
;

2

N
X

In other words, for 8i  k þ 1, we can obtain that

According to Corollary 2, yi þ yiþ1 þ . . . þ yN > Niþ1
2
or yi þ yiþ1 þ    þ yN ¼ ðNiþ1
2 Þ, 8i 2 fk; k þ 1; . . . ; Ng. If
we always have yi þ yiþ1 þ    þ yN > ðNiþ1
2 Þ, the transmis-

yt < N  t:

k ¼ arg max

(36)

yk :



N tþ1
2


N t

:
> yt þ
2
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APPENDIX F
PROOF OF THEOREM 4

(


N1
Since yk < yk ¼ N1
2 and yk1  yk1 ¼ 2 , we have

NO. 6,

When i < N, we can follow the same train of thoughts as the
case of even N, to prove that the solution fyi g can achieve
the minimum transmission cost as the solution fyi g.

and
yi  yi ; if 1  i  k  1:

VOL. 14,

(41)

This implies that we have a better solution fy0i g with less
transmission cost, where y0i ¼ yi for all other i’s except
yN ¼ yN  1, and y0t ¼ yt þ 1. This contradicts with the
assumption that fyi g is optimal, and hence it is impossible
to have yN > yN .
Case II. ii). As discussed in the above, yN > yN does not
hold, which leaves only one possibility yN ¼ yN ¼ 0.

yk ¼




N kþ1
 ðykþ1 þ ykþ2 þ    þ yN Þ
2


 
N k
N kþ1
¼ N  k:

<
2
2

(46)

In addition, according to Corollary 2, we have yk1 þ


yk þ    þ yN  Nkþ2
. Thus,
2

WANG ET AL.: MINIMIZING TRANSMISSION COST FOR THIRD-PARTY INFORMATION EXCHANGE WITH NETWORK CODING

yk1

ACKNOWLEDGMENTS





N kþ2
 yk þ    þ yN

2


 
N kþ1
N kþ2

¼
2
2

(47)

¼ N  k þ 1:
It then follows from (46) and (47) that
yk1 > yk :

(48)

We consider two possibilities: dk ¼ dN and dk > dN . If
dk ¼ dN , since dk  dkþ1      dN , we can obtain that
PN
Nkþ1

. We then
dk ¼ dkþ1 ¼    ¼ dN . Thus,
i¼k di yi ¼ dN
2
construct another solution fy0i g such that
y0i ¼



if 1  i < k;
if k  i  N:

yi ¼ N  i;

di y0i 

i¼1

¼
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That is, if dk ¼ dN , then the solution
where
¼ 0, is an
optimal solution. This contradicts with the assumption that
an optimal solution cannot have the Nth transmission number being 0.
If dk > dN , we can find another solution fy00i g, where all
y00i ¼ yi except that y00k ¼ yk þ 1 and y00N ¼ yN  1. From (42)
and (43), we have
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2
y00i
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